In this paper, we consider a general form of nonlinear integral inequalities with the unknown function composed with a given function on the left hand side, more than one distinct nonlinear integrals on its right-hand side, and weakly singular kernels, and involving maxima of unknown function. Requiring neither monotonicity nor separability of given functions, we apply monotonization to estimate the unknown function. Our result can be used to weaken conditions for some known results. We apply the obtained result to a boundary value problem of integro-differential equations with maxima for uniqueness.
Introduction
The Gronwall-Bellman inequality [, ] is an important tool in the study of existence, uniqueness, boundedness, stability, invariant manifolds, and other qualitative properties of solutions of differential equations and integral equations. There can be found a lot of its generalizations in various cases in the literature (e.g.
[-]). Lipovan [] investigated the retarded integral inequality u(t) ≤ c + t t  f (s)ω u(s) ds + α(t) α(t  )

g(s)ω u(s) ds, t  ≤ t < t  .
Their results were further generalized by Agarwal et al. [] in  to the inequality f i (t, s)ω i u(s) ds, t  ≤ t < t  .
u(t) ≤ a(t) +
Another aspect of integral inequalities is to consider the unknown u composed with a given function on the left hand side, which has been developed (see [-] ). On the basis of discussion (see [ 
u(t) ≤ a(t) + b(t) t t  (t -s) β- s γ - F(s)u(s) ds, t ≥ . (.)
In  Ma and Pečairé [] considered the following nonlinear singular inequalities with power nonlinearity:
Along with the development of automatic control theory and its applications to computational mathematics and modeling, attention was also put to integral inequalities with the maxima of the unknown function. Actually, many problems in the control theory can be modeled in the form of differential equations with the maxima of the unknown function [, ]. For example, the equation describing the work of the regulator [] can be presented as 
where α > ,  < β < , r, p, q, and φ are nonnegative continuous functions. In this paper we generally consider the system of integral inequalities
where a, f , g i 's, and ω i 's are nonnegative continuous functions, b i 's are nonnegative continuously differentiable and nondecreasing functions and b
min m+≤j≤m c j (b j (t  ))}. As required in previous work [, ], we suppose that  ≤ b i (t) ≤ t, h > , is a constant and the ω i 's are definite positive, i.e., ω i (s) >  for s > . In this paper we require neither monotonicity of a, ω i 's, g i 's and g nor a(t) ≥ . We monotonize those ω i 's to make a sequence of functions in which each possesses stronger monotonicity than the previous one so as to give an estimation for the unknown function. Finally, we apply the obtained result to a boundary value problem of integro-differential equations with maxima for uniqueness.
Main result
Consider system (.) of integral inequalities with t  < t  in R + := [, ∞). C(M, S) denotes the class of all continuous functions defined on set M with range in the set S.
are continuously differentiable and nondecreasing such that 
i is the inverse of the function
= , and T < t  is the largest number such that
In order to prove the theorem, we need the following lemma.
Lemma . Let α, β, γ , and p be positive constants, a and b be nonnegative constants. Then
Proof Change the variable v:
This completes the proof.
Lemma . (Discrete Jensen inequality)
Let If A  , . . . , A n be nonnegative for real numbers and r > . Then
. . , n) are continuous and nondecreasing on R + and are positive on 
If u(t) is a continuous and nonnegative function on
[t  , t  ) satisfying u(t) ≤ a(t) + n i= b i (t) b i (t  ) f i (t, s)h i u(s) ds, t  ≤ t < t  , then u(t) ≤ W - n W n r n (t) + b n (t) b n (t  ) max t  ≤τ ≤t f i (τ , s) ds , t  ≤ t ≤ T  ,
where for all t ∈ [t  , T  ], where H - i is the inverse of the function
H i (u) := u u i dx h i (x) , u ≥ u i > , i = , , . . . , n, r n (t) is defined byr  (t) := a(t  ) + t t  |a (s)| ds, and r i+ (t) := H - i H i r i (t) + α i+ (t) α i+ (t  ) max t  ≤τ ≤t f i (τ , s) ds , i = , , . . . , n -,
and T  < t  is the largest number such that
Proof of Theorem . First of all, we monotonize some given functions f , ω i , and a in system (.) of integral inequalities. Let
From (.) we see that the function W i is strictly increasing and therefore its inverse W - i is well defined, continuous, and increasing in its domain. The sequence {ω i (t)}, defined by ω i (s), consists of nondecreasing nonnegative functions on R + and satisfies
Moreover,
because the ratiosω i+ (t)/ω i (t), i = , , . . . , m + n, are all nondecreasing. Furthermore, let
which is nondecreasing in t for each fixed s and satisfiesĝ i (t, s) ≥ g i (t, s) ≥  for all i = , , . . . , m + n. We note thatã(t) ≥ a(t) andĝ i (t, s) ≥ f i (t, s) and they are continuous and nondecreasing in t. From the monotonicity off (t) we obtain the inequality
From (.), (.), (.), and the definition ofĝ i (t, s), we obtain
. . , m + n. By Lemma ., Hölder's inequality, and (.) we get for t ∈ [t  , t  )
where we use  ≤ b i (t) ≤ t and the definition of d i (t). By Lemma . and (.), we get for t ∈ [t  , t  )
Then from (.), we see thatr  (t) is nondecreasing on [t  , t  ). By the definition ofg i (t, s) andr  (t), and (.), we have
Consider the auxiliary system of inequalities with (.)
Clearly, z(t) is nondecreasing. By (.) and the definition of z(t) we have
Since z(t) is nondecreasing, from (.) we obtain
It follows from (.), (.), and the definition of z(t) that
In order to demonstrate the basic condition of monotonicity, let e(t) := ϕ - (t  q ), which is clearly a continuous and nondecreasing function on R + . Thus, for each i,ω i (e(t)) is continuous and nondecreasing on R + andω i (e(t)) >  for t > . Moreover, sinceω i (t) ∝ω i+ (t), we see that the ratioω i+ (b(t))/ω i (e(t)) is also a continuous and nondecreasing function on R + and satisfiesω i (e(t)) >  for t > , implying thatω 
and T  < t  is the largest number such that 
Thus, (.) can be written
Since σ is arbitrary, replacing σ with t, we get
Corollary . Suppose that (H)-(H) hold, and u ∈ C((b
where c ≥  is a constant. Then
andω i andg i are defined by (.) and (.), respectively.
Proof From (.) and the definition of M we get
(.)
Then from (.) we obtain (.) by Theorem ., where we choose a(t)(
Applications
In this section, we apply our result to estimate solutions for the nonlinear integral equation and integral equation with a weakly singular kernel and maxima separately.
Differential equation with the maxima
Consider a system of differential equations with maxima
where c, λ ( < λ < ), t  ≥ , and h >  are constants,
Equation (.) is more general than the equation considered in Section  of [] so that the results of the integral inequalities obtained in [] do not work. We will give an estimate for solutions of system (.). 
Then every solution x(t, t  , ψ  ) of system (.) has the estimate
where 
The function x(t) satisfies the following integral equation:
(.) By (.) and the definition of N(t), we get from (.) Next, we discuss the uniqueness of solutions for system (.). 
